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DEFINITION

Duct area

NOMENCLATURE
UNITS

in2
Combustion chamber equivalent exlt area inz
Cavitation polytropilc flexibility factor in3(1b/in2)
Duct avea at pump inlet inz
Duct area at tank bottom inz
Thrust comb. chamber nozzle throat area in2
Gas generator throat equivalent area inz
Pitch attitude coefficlent o
Pitch attitude rate coefficient sec
Feedline duct friction factor coefficient 1/sec
Thrust chamber characteristic velocity in/sec
Gas generator characteristic velocity in/sec
Thrust coefficient -
Duct frictlion loss coefficilent per unit length 1/in
Specific heat of gas generator exhaust products btu/1b="R
Outer diameter of feedline duct wall in
Inner diameter of feedline duct wall in
Modulus of elasticity of duct material 1b/in2
Force acting at pump, due to feedline pressure 1b
Forgce acting at tank bottom, due to feedline press~

ib

uzre
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NOMENCLATURE

SYMBOL DEFINITION UNITS
?A Friction and inertial forces acting on fluid feed= lb/:!.n2
line duct lb/in2
F($) Pitch attitude error filter -
F(é) Pitch attitude rate error filter -
g Acceleration due to gravity in/sec?
P
H Total enthalpy BTU/sec
h Specific enthalpy of g.g. combustion products BTU/1b
10 Inertance in duet, P.,U, loop to pump inlet secz/in2
Il Inertance in duct, pump discharge to P.U, loop secz/inz
Iz Inertance in duct, P.U. loop to g.g. loop seczlinz
13 Inertance in duct, g.g. loop to thrust chamber seczlin2
T Moment of inertia of wet turbopump assembly lbminwsecz
Ig Inertance in duct, g.g. inlet duct secz/inz
L Inertance in duct P.U. loop duct seczlinz
ITE Inertance in duct, gas generator exhaust duct secz/in2
KlmKB Factors to adjust the magnitudes of forces acting o
on the structure
K, Bulk modulus of fluid 1b/4n’
Kbi Effective bulk modulus of fluid 1b/in2

Factor relating pressure at return end of P.U. loop

to pump suction and diacharge pressure

vi
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NOMENCLATURE

SYMBOL DEFINITION UNITS
kg Total acceleration of launch vehicle g's
k Factor relating motion of duct wall to a given

location =
L Inertance of fluid in given length of duct secz/in
L* Inertance of fluid per unit length of duct seczlin2
?'(’FL) Depth of propellant above tank bottom in
1 Duct length in
Meql Generalized mass, £ node lb—seczlin
MR Propellant mixture ratio, thrust chamber -
MRG Propellant mixture ratlio, gas generator -
NEI Number of inboard engines -
NEO Number of outboard engines s
NPSH Net positive suction head in
NPSP Net positive suction pressure lb/in2
N, Turbine speed rad/_ .
n Isentropic specific heat ratio e
P, Pressure in feedline at accumulator 1b/in2
PB Pressure in discharge 1line at g.g. loop junction 1‘b/in2
Pe Thrust chamber pressure lb/in2
P Pump discharge pressuve lb/in2
P, Turbine exit pressure 1b/in2
Py Pressure in feedline duct 1b/in2

vid
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NOMENCLATURE
DESCRIPTION UNITS
Pressure in gas generator chamber lb/in2
Turbine inlet pressure ib /in2
Pressure at P.,U. loop jumction in discharge line lb/in2

Pressure in thrust nozzle at point of gas generator
exhaust dump lb/in2

Pressure in duct at junction of feedline segments

1 and 2 lb/in2
Pressure at pump inlet lb/in2
Pressure in duct at return point of P,U, loop lblin2
Turbine power in-1b/sec
Pressure in feedline duct at tank bottom 1b/in2
Modal tank bottom pressure, ith mode psi/in

Static pressure in nozzle at the point of turbine

exhaust dump 1b/in2

Vapor pressure lb/in2
th

Modal displacement, i~ mode in

Generalized force, ith mode 1b

Generalized force, due to lateral control system,
th

i7" mode ib
Generalized force due to extermal perturbation, ith

mode Ib
Regigtance in ducg,P.U. loop to pump inlet sec/inz

viii



MCR=71=80

NOMENCLATURE

SYMBOL. DESCRIPTION UNITS
R1 Resistance in duct, pump discharge to P,U, loop sec/in2
R2 Resistance in duct, P,U. loop to g.g. loop sec/in2
R3 Resistance in duct, g.g. loop to thrust chamber sec/in2
R, Resistance in duct, g.g. inlet duct sec/in2
RL Registance in duct, P.U. loop duct sec/in2
RTE Resistance in duct, gas generator exhaust duct sec/inz
T Engine thrust ib
T(Be) Actuator transfer function s
T, Isentropic turbine exit temperature °R
Tg Gas generator chamber temperature °R
T, Turbine inlet temperature °r
TIl Longitudinal thrust, inboard engine 1b
TIz Lateral thrust, inboard engline ib
TOl Longitudinal thrust, outboard engine ib
TOZ Lateral thrust, outboard engine 1b
Ty Turbine torque in/ib
TNOM Nominal thrust of one engine ib
v, Volume of combustion chamber (to throat plane) in3
Vg Volume of g.g. chamber, including torus at in3

turbine inlet
ﬁz Flow rate between P.U, loop and g.g. loop junctione ib/sec

iz
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NOMENCLATURE

SYMBOL DESCRIPTION UNITS
%3 Flow rate, g.g. loop junction to engine chamber 1b/sec
%c Flow rate into thrust chamber ib/sec
%d Flow rate, pump discharge 1b/sec
%F Flow rate in duct ib/sec
ég Flow rate into gas generator 1b/sec
&L Flow rate in P,U. loop 1b/sec
és Flow rate, pump inlet 1b/sec
ésl Flow rate upstream of return duct of P.U. loop 1b/sec
%TB Flow rate in duct at tank bottom 1b/sec
éTE Flow rate in turbine exhaust duct 1b/sec
XA Displacement of duct at accumulator, axial in
kEG Acceleration of launch vehicle c.g. in/sec 2
X.GP Displacement of gimbal point, axial in
Xo Displacement of duct at junction of feedline axial in
XP Digplacement of pump, axial in
}%B Displacement of tank bottom at feedline junction, axial in
Xw Displacement of feedline duct wall along duct axis in
Bc Engine command radians
BE Engine deflection radians
¥ Modal damping cosfficient, iﬁh mode =
Iy Difference between pump dischavge and suction flowrates 1b/sec
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NOMENCLATURE

SYMBOL DESCRIPTION UNITS
n Pump efficiency -
nT Turbine mechanical efficiency e
Pe Average gas density in combustion chamber lb/in3
oy Density of fuel lb/in3
Po Density of oxidizer lb/in3
) Control system pitch attitude radians
[ Control system pitch altitude rate rad/sec
¢iA Modal displacement, axial, accumulator in/in
qJi.GP01 Modal displacement, axial, outboard eng. G.P. in/in
¢1GP02 Modal digplacement, lateral, outboard eng. G.P. in/in
¢iGPIl Modal displacement, axial, inboard eng. G.P, in/in
¢iGPIZ Modal displacement, lateral, inboard eng, G.P. in/in
¢10 Modal displacement, axial, junction of feedline 1&2 in/in
¢iP Modal displacement, axial, pump in/in
¢1T Modal displacement, axial, tank bottom in/in
8
¢iw Modal displacement, axial, duct wall in/in
w, Natural frequency of ith structural mode rad/sec
BhTI/BPg Trangsfer function relating hTI to pg BTU/1b=psi
9C_/dPC Transfer function relating C_ to P
F E [ llpsi
BTg/BMRG Transfer functlon relating Tg to MRG °R

=i
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NOMENCLATURE
SYMBOL _DESCRIPTION UNITS
8’1‘8/31’g Transfer function relating Tg to Pg °r/psi
3C*/3ve Transfer function relating C* to wc in/1b
3C*IMR Transfer function relating C* to MR in/sec
acg*/a%c Transfer function relating Cg* to we in/1b
BCg*/aMR Transfer function velating Cg* to MR in/sec
3 (pd=Pg) /o Ps Static pump head gain o
B(PdsPs)/aad Pump resistance sec/in
B(PdaPs)/aNT Transfer function relating pressures to N, 1b/psi-rad
5% (%E) W Pump cavitation frequency factor ins/lb
GBV/3PL) Polytropic influence coefficient of cavitation ins/lb

bubble

xid



MCR=71~80

SUBSCRIPTS
FI Fuel duct, inboard engine
FoO Fuel duct, outboard engine
01 Oxidizer duct, inboard engine
00 Oxidizer duct, outboard engine
i ith mode
F Fuel
0 Oxidizer
FTI Fuel turbine inlet
FIE Fuel turbine exit
oT1 Oxidizer turbine inlet
OTE Oxidizer turbine outlet
x relative
*LAT, yLAT lateral direction
o] Nominal steady state value

- Total value (nominal plus perturbation)

widd
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1.0 INTRODUCTION

Since the initial launchings of liquid propelled rockets in
the late 1950's, the occurrence of longitudinal oscillations some-
where in the structure during certain portions of powered flight
have been observed. These have shown up on such launch vehicles as
the Thor, Atlas, Titan series, and Saturn series vehicles. Exten~-
sive studies have been conducted over the past several years by
both government and aerospace industry teams to identify, isolate,
remedy, and eliminate this problem, which has become known as the
POGO problem. Several of the studies involving POGO analyses are
given in the references (Section 5.0).

POGO is a self excited, closed loop phenomenon. It occurs
without the excitations associated with appreciable external
forcing functions such as wind gusts or launch environments. It
is caused by certain interactions involving the vehicle structure,
propellant feedlines, propellant pumps, and the propulsion system.
For example, a slight perturbation in the thrust of an engine
may occur. This causes a structural oscillation which may be
felt as a change in tank bottom pressure at the propellant feed-
line junction. This pressure oscillation at the upper end of
the feedline travels down the duct and is felt as pressure and
flowrate oscillations at the pump inlet. In turn, these
variations in pressure and flowrate feed through the propulsion
system and cause additional thrust perturbations, which closes
the loop.

These interactions between the various subsystems have been
studied by several investigators. The majority of these efforts
have been to develop the governing equations of motion and to
perform stability analyses at a point in time, for specific
launch vehicles,

The purpose of the present contract has been to formulate the
equations of motion, and to develop a computer program in the
time domain to describe the POGO characteristics of a liquid pro-
pelled launch vehicle. It is recognized that significant non-
linearities are present in the overall system, since various
flight results have shown these oscillations to buildup, peak,
and die down. Other flights have shown continual buildups with
no limiting of amplitudes. To predict this type of behavior,
the computer program must have the capability to include non-
linear and time-dependent terms.

Such an analytic tool, with minimum dependence upon test results,
would be helpful in predicting POGO characteristics of future launch
vehicles. This has been the goal of the present contract.
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2.0 SUMMARY

This final report contains the results of an effort to predict
the POGO characteristics of a typical liquid-~propelled launch vehicle.
Work was accomplished under contract NAS8-25054 with NASA-MSFC,
Volume I of this final report contains the development of the
equations of motion of the vehicle and its subsystems.

The subsystems which have been considered include the following:

a) wvehicle structure

b) lateral control system

c) propellant feedlines

d) pump and its associated cavitation phenomena
e) propulsion system,

Volume II describes the digital computer program which solve
the equations developed in Volume I. The program contains time-
dependent structural coefficients and non-linear pump cavitation
properties. It determines the time response of the vehicle
structure and pressure and flow rates throughout the system.

The structural equations are written in modal coordinates,
and are the result of a vibration analysis of the entire vehicle.
Of prime importance is the modelling of the fluid-tank interaction,
which in addition to providing accurate low frequency modal data,
also gives the information describing the tank bottom pressure.
The modal coefficients are time dependent quantities in the
computer program.

Because of structural configuration some vehicles experience
coupling between lateral and longitudinal motion. The equations
include a lateral control system which monitors vehicle lateral
displacements and rotations to initiate lateral thrust components.

Two sets of feedline and propulsion systems are included in
the computer program. This corresponds to equivalent outboard
and inboard engine systems which are directly applicable to the
Saturn flight vehicles and would apply to any engine configuration
which can be described by two sets of engines. Each propulsion
system is fed by a single oxidizer feedline and fuel feedline,
with individual pumps. The feedline is broken into three segments.
The first two segments are used to enable the determination of two
feedline frequencies where required. A provision exists for an
accumulator device between the second and third feedlines.
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Pump cavitation is handled by a single coefficient relating
time rate of change of inlet pressure to inlet and discharge
flowrates. This coefficient is a non~linear function of the
pump inlet pressure. The propulsion system describes the pump,
discharge lines, propellant utilization loop, thrust chamber
and gas generator processes.

The program generated is an analytical tool, However, the
pump cavitation process cannot yet be defined analytically, and
test data is requivred to establish levels of cavitation coefficients.
In addition, propulsion systems can be described analytically
and are treated as such in this report. However, test data is
often used to describe the various transfer functions associated
with engine performance. The propulsion inputs for this program
may be generated amalytically or may come from test informatiom.
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3.0 Dexr

3.1 Iantroduction

The investigation of structural oseclillations in a launch vehicle
requires knowledge of the structural behavior of the vehicle, the
control system employed, the lines feeding the propellants from the
structure (tanke) to the turbopumps, and the propulsion system. In
the zections which follow, the governing equations are developed
from bagsic fundawmentals. The gubsysteme congildered are}

a, Vehiele structure

b. Lateral control system
e, Propellant feadlines
d, Pump cavitation

e, Propulsion system
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3,2 STRUCTURE

3.2.1

The structures subsystem is composed of a set of equations which
describe the motion of the structure under certain prescribed external
forces, The actual structure must be simulated by a mathematical
model which will adequately describe lts motion under the influence of
the forcing functions which are tramnsient in nature., The structural
model must include all flexdibilities and load=carrying paths existing
in the actual vehicle, Depending on the vehicle under consideration,
the model may have to include pitch and/or yaw motions in addition to
the longitudinal motion. Frequently, however, a description of only
the longitudinal motion is sufficlent to adequately model a particular
structure, This requires judgement and experience on the part of the
analyst.

Local structural components which tend to exhibit motion
different than the rest of the vehicle or which should be imspected
with more detail (perhaps with a parameter study) may advantageously
be handled separately as a branch system to the maln structure,
Examples are the thrust cross beam structure on the S~II stage of
the Saturn vehicles, payload structures, or pump and engine structures
which may have unique wmotions of their own due to eitheyr their own
structural design or the support system.

Such subsystems can readily be analyzed as separate structures and
then coupled into the main structure to form the total structural system.

The analytical approach uged in most POGO studies is o osbtain the
modal equations of motion of the structure rather than use the discrete
coordinates to describe wmotion of the system. The obvious advantage
of this approach is that a relatively few modal equations are required
to adequately describe the motion of given locations, while using dis=
crete reprezentation necessitates using the equations of motions for
all discrete points in the structure. For large launch vehicles, the
medal approach would ¢ypically use from perhaps one to several equa~
tions while a discrete representation would require hundreds of equations,

Another advantage of the modal approach ieg that modal damping
properties ave obtainable from structural tests and may be utilized
directly in the modal equations of motion. In addition, modal coupling
analytical techniques may be applied to handle the branch mazses, local
structure, or individual astages of a2 vehicle, discussed sbove.

Individual stages of a launch vehicle may be treated
separately and results coupled together to form the total
combined gtructure. This approach may be advantageous if a gilven
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stage, or given local structuvre, iz vndergoing structural modification
studies ov if test resulis are being genevated to produce mazs, stiffwness,
or damping characteristics of tha substructure.

3:.2,2 Structural E

The equations of motion of the structural system ave wriltten below
in matrix notation. Table 3.1.1 presents the nomenclature used,

ny+Cy+ky=F

&4s explained above, the solution is formulated in terms of modal
coordinates. Thie 1g done by expressing the discrete motion as

y=46g4q
The resulilng equations of metion are
nd§ + Coq + Koq = F
or
O'mog + ¢7coq + ¢7kog = ¢°F
For the ith wode, normalizing on ¢£ﬁ ¢i% Megq, , ¢£C¢i is approzimated

’ = 2
by 2 Yi wi Meqi and ¢i k ¢i & W

n M@;qg

Thus

P “ 2 7
qg t2Y; Woq R0 gy = 0 B/
9

This dls the gensralized matrix meodal squation of ths syestem.
Each modal equation iz uncoupled from the others, The « and &
values are obtained using sztandard vibration analysisz techniqusze,
The damping values ¥ ars normally obtzinad from tests ov other
logical approach,

To handle branch systems, as discussed previouzly, a modal
coupling procedurs isg uvesed. This iz pevformad as follows.

The branch system (payload ztructure, for sxzample) is attached
to the main structuve at a given Location A,

[N
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TABLE 3,1.1

NOMENCLATURE FOR STRUCTURAL MATRIX EQUATIONS

Subscript M

Subgcript B

Main structure
Branch structure
Mass matvix of the main structure,

with branch total mase included at
attach point

my Maga matrix of bramch structure

¥ ¥, ¥ Aceceleration, velocities, and dis-
placements of the discrete panel
points used to describe motion of
the structure

C Digcrete damping matrix

k Stiffness matvix

F External forces acting on the
structure

q Generalized coordinate

¢ Normalized mode shapes

Yy Modal damping vatio of the ith mode

w, Natural frequency of the ith mode

Meqi Generallized mazs of the ith mode
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The equations of motion of the total system (branch structure
and main structuve) are expressed as

i ws i
Y I Cg B 7B
— b -] {~-- -+ _+__.;- +] K |{—} = A(F
- 1
! 4V Cemli Y M
Let
4 9 | ®py %‘IB
. = 19,1 {q}
v ’ ) q 1
M Y M

The mode shapes chosen for the modal transformation are ¢B’
¢BMQ and ¢Mg The ¢B values are obtained from a vibration analysis
of the branch system alone, cantilevered at point A. The ¢M wvalues
are obtained from a vibratlon analysis of the main structure with the
mass of the branch structure lumped at the attachment point A. These
separate vibration analysis will produce w
The dpy
vigid, and moving in relation to the attach point A. Using this

B and wM values as well,

is a set of mode shapees asmsuming the branch structure to be

coordinate transformation, the equations of motion become

[Mc] ldg | + [2vgug ) I
-- ~——3——==| {5--
qM; | Mt | |
4 w% : dg

_-_.E_._z. o) q)' F
s Wy |7y

Hence, M. dg the coupled wags matrix. The modal damping matrix ie
approximated by uncoupled damping termg. The equatione may be
written as

Mc g + Dc q + Kc q = ¢1 F

Thiz iz the new equation of metion for the coupled system which imcludes
both main etructure and branch structure, The coupled vibration
chavacterigtics are obtained by incorporating an additional transfor-
mation matyrix
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q =9, 4,
and again using standard techniques to obtain the mode shapes (¢ )

and the natural frequencies (wc)a The final coupled modal equatfons
are

oo @ 2 o ’ /
qc + 2 Yc wc qc + wc qc d)c: ¢1 F

The coupled damping terms 2Yc w, are obtained from

LD o, = [P VB o =2y o

Here again, off diagonal terms are generally negligible compared to
the diagonal terms and may be neglected. Using this approach, it is
seen that damping values of individual modes, either im the branch
structure or the main structure, may be varied individually without
affecting the overall equations. This is also true of mass and
stiffness variations within a branch or main structure. This saves
machine computation time because only a portion of the required input
need be regenerated due to a change in the branch structure, This
also facilitates parameter studiles, for example, varying modal damp-
ing in the branch,

The motions of the discrete system are obtained from
y = ¢l q= ¢1 ¢c 9.
and

y =0 ¢, 4.

The above discussion presents only one method of obtaining the
modal characteristice of the vehicle being studied, The important
goal to be reaching for is to model the structure in such a way that
changes to the basic model may be made with a minimum of complexity.
Two extremely vital areas which must be considered are the fluid-
tank coupling and the propellant feedline representations. By treat=
ing the feedlines as a separate subsystem, it has an interface with
the structure, and the structure modeling must reflect this coupling.
Care must be exercised so that the feedlines are not included twice
in the analysis and that the interface conditions are prescribed
correctly. The fluid-tank modeling directly affects the modal
chavacteristics of the vehicle as a whole and directly affects the
motion of the tank-propellant feedline junction. The relative
importance of this motion upon overall POGO response should be inves=
tigated through a parameter study,
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3& 203

The Q, term in the structural equations of motion accounts for all
of the ext&rnal forces acting upon the structure, Since the pro-
pellant feedlines have been removed from the structure and treated
separately, the forces on the structure due to the feedlines are in~
cluded as external forces. For the case of lateral=longitudinal
coupling, lateral forcee are also included. These appear as the
lateral component of the engine thrust.

Two engine systems arebeing considered here, outboard and inboard
engines. Only the outboard system is assumed to exert any net lateral
thrust on the structure, The inboard system is considered tc produce
only longitudinal thrust,

As a result, the total generalized force im the ith mode is

Q = Qp * Qp * Qpppre
where

QiA = axial component of generalized force

QiL = lateral component of gemeralized force

= generalized force due to an external excitation
(to start a perturbation to the system, for
response studies)

Q; pErT

The components of the generalized force are gilven as:

Qua = (NEO) [d;0pyy Toy + (B AP)ppog + (B4 AP)ppp

Ky (& AP) o0 ~Kg (04 AP)gpy |

* MED [0y0py Ty * Syoppp Typ + (0 4P) + (0, AP)

1 TBOI

TBF
“Ky (&g AP) oo = Kg (B AP) cpyl

Q, = (NEO) ¢ ein BE (I, + T

GPO2 NOM)

10
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Here NEO = number of outboard engines

NEI = number of inboard engines

¢ix = ith modal displacement at locatiomn X

T = engine thrust
A = feedline duct area
P = fluid pressure

K = factor to adjust the magnitude of force acting on
gtructure

B = outboard engine deflection from zero position.

The tank bottom pressurs may be expressed in two ways, as a
function of tank bottom axial acceleration or as a function of a
modal tank bottom pressure, The latter method requires a structural
model which will produce this information, and depends heavily on
the propellant-tank representation., Tank bottom pressure is thus
defined as

n
= (PMD) L (8_..) q, +{(PAC) kg p F .
B qmp TBLT M4 L ? dits 9y

8 i=1

Py

where

PMD = 1,0 and PAC = 0,0 if PTB ig a function of modal tank
bottom pressure

PMD = 0,0 and PAC = 1.0 if PIB is8 a2 function of tank bottom
acceleration

A
P = modal tank bottom pressure

TB
kg = launch vehicle acceleration
2 = propellant density

FL = height of propellant fluid in tank, surface to feedline
junction,

13
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3.3 Lateral Control System

The POGO problem is normally associated with longitudinal
oscillations of the launch vehicle. However, with the advent
of larger structures, mass and/or stiffness distributions are not
necessarily symmetric about the longitudinal axis of the vehicle.
Under these conditions, structural disturbances in one plane may
well produce motions in other planes., External forces, specifically
the engine thrust, must therefore be considered in these other
planes. The lateral control system is employed to sense lateral
motions of the structure during flight and initiate changes in the
thrust vector direction to maintain controlled flight.

A typical lateral control system measures combinations of
accelerations, velocities, displacements, slopes, and slope
changes at specified wehicle locations. It utilizes this infor-
mation to produce the engine angular deflection required to
stabilize the flight.

The angular motions and rates of motions at specific vehicle
locations are expressed as

& =angular motion z: ¥ icA q., radians
i

i=1

e &
® =angular rate E: ?icr q,, radians/sec
i=1 +
where ¢iCA=modal slope at position measuring wvehicle attitude
¢&CR=modal slope at position measuring vehicle attitude rate

This information is generally obtained in both pitch and yaw
planes. Often the couplingin only one plane is pronounced, and
is adequate to describe the coupled effects.

The control system uses the attitude and attitude rate
information to gemerate an engine command angle 5 which is
given by (for the pitch plane)

ﬁc=ao F(® )o -!-a;l F(é)%

where a and a, are the pitch attitude and the pitch attitude

0
rate coefficiénts, which are set at various values during the
course of the flight. F( ® ) and F( & ) are the pitch attitude
and pitch atiitude rate ervor filters, respectively.

12
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These are transfer fumcitions having high order polynomials
in both numerator and denominator,

The actual engine angle _, is related to the engine
command angle 6c by the relation

B’E= T(BC) Be.

This accounts for the dynamics associated with the
actuator system. The transfer function T(B ) is also a
high order polynomial expression, c

For specific applications where only certain frequency

ranges are of interest, the order of the polynomial expressions
may be reduced significantly to facilitate the solution.

3
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3.4 PROPELLANT FEEDLINES

The propellant feedlines are used o comnect the launch wvehicle
propellant tanks with the pump systems. They are composed of £lexible
circular ducte of varying cross-gectional areas with bellows, pressure~
volume compensators, and orifices located along its length., To
describe fluid flow in these ducts, the following assumptions are madej

1, Compressible, one-dimensional, unsteady flow.

2. Velocity profile im the duct is comstant with radius at
a given cross section,

3. Forces acting in the fluid are viscous forces and inertial
forces acting parallel to the flow direction,

Derivatlon of the governing equations are obtalned from the
standard fluid dynamic considerations, as typlcally given in
References 1 and 2, This basle approach has been used in past POCO
studies such as those presemted in References 3, 4, 5, and 6.
Equatione differences arise in thiz report because the non-linear
expressions have been retaimed along with the friction and inertial
forces., Comparisons with other reports are included.

The mas8 COus=.-2:ion egquation is

<0 Lgud) 2. LeA)
3% g + ot g 0 (L

Euler's equation is

9+ 2u g3 8., gF g 9% + gF (2)
s ] R @ e oh emin o F o+ B o= o
ot ox p ox Yy Yy 0 ox% pA

For these =quations,

FF = friction force per unit length of duct

FB = inertia force per unit length of duct

These forces will be expanded later in terms of fluld properties and
chavacteristics,

Euler’s equation and the mass comservation equations are combined

to form the momentum equatlon for compressible, viscous, non-steady
filow, The resulting expression i

@ 2 s
oo S0.MA) . .9 Spu ) . L3R % (3)
9% q ox% g 9%

i
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rring equetions of £luld flow

will wew be pul inks expressione

Eguations L 3
through the pipes. These %Q””“
inveolving pressures and flow vaitszs.

Bauation (L) meay ba written as

o ., A .20

Eebp P Agr =0

sinee ¥ = DAy
Further sxpansion gives

gﬁ: xi& . égﬁ' gd:} o {
ol v [.p 5o A 1 0 (&)

The area changez with pressure bacavese of the duet wall
flexibiliey., Assuming 2 uniform duct, f£ree to expand radially
under an Intermal presesure, the duct waii experiences a vadial
increase 6 egual Lo

2
§ w AP R

WW@

Eh
where

Ap = presegure changs

el
b

internal radius

B = Young's modulus of alssticity
h = duct waell thickness
In terme of change of inteynal croga—gecilionzl aresz
BA LY ZA J! ‘
poED
D,

g , i -
The ﬁgﬁtazm iz dependent upon the compresaibility of the
£ludd,

The bulk modulus Eb of the fluid is deterainsd from

.
E R EEeen

b dplo
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go that

Equation 4 may thus be written as

% T Bt
b
g
[+74
B . pAdp
5 " K Bt 0 @)

where Kg 48 defined zs the affective bulk modulus

1 i

P
A S A

Equation 7 is the final forxrm of the mass conservation equation.
1t ig identical to the corvesponding equations in References 4 and 6.

(8)

The momentum equation 3 le vearranged to

L9 , 4% . Fa m%%(pézA)

got ox %
Now,
o e 2
) 2)) o L ollom Be L ek B 32 4 2 B (o
B PEA) m e e T Y TV 5% i
& @ ® «2
2L W 3 L2 &
YO P MY Uyl vl
9 4, .93 1.9 1 dAdp_ 1 A dyp
" ROmMPX " TwE"UE
A" by
8. i _ 9,1 23p 1 9p 3p 1o 3p
o% (p) 3p (p) dx E? 9y O% " ;?yfw o%
Therefore,
oy 22,8 a2l 2. 12
ox /" phox P AKX Ox A pE 9x
q .
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v wede (.1 1]
pA 9x  JA ox Kb E J

230 Gl 3p
DA ox pAKg 3%

So,

& -3 & 9’)2
1 9w 9p = 29 oW W ap
oo e oo A w P om o s emen o seommmoes
g dt ox gpA Ox gpAKﬂ ox

Dividing by A and defining L' = L.

¢ ,@2 ; @ s
v ow + 9p [l.w g (L w) ] - . 2L - 333+ F

Bt 7 Tx PRy Ao " TR

Equation ¢ is the momentum equaiion in terms of pressures
and flow rates. Elimination of the non-linear terms will reduce
this equation to the form found in References 4 and 6 which are
linear expressions.

The forces comprieing'? in Equations 2 and 3 ave the viscous

friction force FF and the inertial force FBa

The friction force has the form

- - Lo 2
FT Fss t FF ) g Cf VT Ad

where

FT = total friction forece per unii length of duct

Fss = mean friction force per unit length of duct

x]
i

perturbation part of friction force per unit length
of duct

(@]
#

£ duct frviction loss cosfficient per unit length

VT = gotal fluld velocity relative £0 duct wall
Ad = duct cross-~gzecgional area
VT = vas + VP
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and
1 p 2
Fss 2 g Cf vss
where
V__ = mean fluid velocity relative to duct wall

8s

VP = perturbation part of fluid velocity relative to duct
wall '

In addition,

L]

=V + x
88 W
and
W = pA LV
where

<
]

inertial fluid velocity

= motion of duct wall along longitudinal axis of duct

e g;{s

= flow rate

Using the above relationships, the perturbation force FF is

Cf o @ Cf
Fo= ' Ves (w + pAy xw) + szdg

® ® 2
(w + pAd xw)

The first term is the linear portion and corresponde to the friction
force expression found in Reference 6. The second term is non=
linear. Its relative magnitude compared to the linear term is found
from

: %
1.0 + (w + pAd W)

2 Vss oAd

Linear Nonlinear

Ingpections of the relative magnitudes of terms, using Titan and
Saturn feedlines, have shown that the non-linear term may be neglected.

The inertial force F_, results from the fluid accelerating through
the duct. Ite magnitude %ignoring local pexrturbations) is

= RAd, 2y om
Fa . (g + ch) kg PA4

18
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whers %C ig the acceleration of the missile center of gravity.

A flexible connector, euch ag a bellowe in the feedline, may be
treated in the same way aw flexible fmedline itgelf, The only
difference is that the two endeg ¢f thz connector may move relative to
each other, This case hae been formulated in Reference 6, The govern~
ing equations, including non-liinear terms, friction, and inmertial
forces, are

aé‘;ﬁea dnmaml?swo
d%

ax /

%

% eV
98, A U+ 3 -2 ) & *
o w1 5 pkg & w Phy ¥ W )
d AVE
C / -
£4 2 2L = Oy
" %o z("“’"”’& SR VA b
AVE @ o
b4 1 T ¥
% = agverage wall velocity of the connecion = e
YAVE 2

The linearized case, negizcting friction, reduces o

3}? &

Kb

@, L W
ox + L ot pkg

which is identical %o the pragentation ip Refarence 6.

Refersnce 6 provides a good deseription of the formelation fov
a pressure~volume compensator {PVC)., Specifically, a ¢ypical PVC
may be modeled 2@ a sexizs of three flewible connsctors. Thus, the
same basic eguations developad for the flexible connector apply €o
the PVC, The boundary conditions batween the conusctors are expressed
by esqual prezszures and flowrates. Motilon batwsen the commectors i
defined in terms of the gtiffnesz of the gimbal vings. The final
equations ave in terms of the pressuvres, flowratee, and axial dis-
placements at the top and bottom of the PVC,

& study was made to datermine the effszct of the non-linesrities
agzociaved with the baszic feedlines mguations 7 and 9. These two
squationg ave ¢laseed =za fivet ovder guasi-linssr partial diffsren~
tial eguations of the hyperbolic type, They have the general form:

1S
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Mo, o3,
A e 4 B T 0

Xy p B g Wy

ot 9% 0%

where the two independent variables are x (distance along feedline
longitudinal axis) and t (time); the two dependent variables are

w (perturbated flow rate) and p (perturbated pressure). The co-
efficients A, B, and C are constants independent of time, space, flow
rate, or pressure., Coefficients D and E are a function of flow rate.
F represents the inertial and friction forces acting, and iz a func-
tion of flow rate and feedline motion.

Numerical solution te these equations may be obtained using the
method of characteristics, as described in Reference 15, For
practical purposes, however, (even such as the long Saturn feedlines),
the effect of the unon-~linear terms are negligible compared to the
linear terms, at least for the flow rate perturbations of interest,

The feedlines are, therefore, represented by a set of linear equations.

The feedline equations thus have the form

M. o3P .
A v 4 B e 0

M, 8.
c T 4 D e F

References & and 6 preszent hyperbolic closed form solutions to
these esquations. The general equations for pressures and flow rates
at location 2 in terms of quantities at location 1 and motions of
the feedline boundaries (xl and xz) are, from Reference 6:

i [ cosh X [~z simh X | A | A, p. ]
4 i
= “1—-——-!——-———-%—-—1—“
Wy e E?ainh,xl cogh X | B, | B, Wy
X1
x =yl
c..V_, 1/2
¥ - S [1+ fé 0i§
a

20
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Ya
0 SRR

z SAg

Al = Pkg cogh X =« BkS Z ainh X
A, w-Pkg = BS(1~k) Z sinh X

B, =fkg %ﬁ sinph ¥ = 88k (i~cosh %)

=2
8

= §B(I=k) {I=gseh X)

LGS
#

feedline length

2

Laplace transform varisble

&

a gpeed of scund in £luid

Cf:i. = feedline wall friction cosfficient

va;i = mean propellant flow wvelosity velative to wall

p = propellant demsity
kg = total vehlcle accelevation (I 4 inertlal acceleration)
k = 1,0 if feedline moves with x, motion

= 0.0 if feedline woves with o motion

P AB
B =33

A = feedline avea
€1 Vou
The hyperbolic terms have besn swupandsd into thair series form.

202 Lok
eogh X w1+¥-§§m+%¢-___

2 4 5!.32/’2 Gk
Z ginh X m e (G4 Y TE
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2p2 l&'-&
g&asinhxmq (1 +xmg&<+2f:w«jzﬁ6r+q& P m)
a,

Expressing these functionme in teyms of the transform vaviable, and
keeping up to second oxder terms,

2

1.8 2
cosh X 14 ( ) S + [ ( 5 + 329 1l e
Z sinh X = LB + [L (L + éiséiﬁ) Is ¢ [ e IB (14 Bh &y 1 6?
6 L2 * 22 3 60 2

2
%’sinh X = é§& [s + (3&30 s%3
a a”

where L = inevtance of fluid in duct, = X% e

Tor the case where the length of tha feedline duct is relatively emall,
such that the term 22/22 is small, the hyperbolic functiong are
approximated by

cogh X = 1

Z sinh X = LB + LS

1
5 ginh X 0

The feedline equations become

P, L) e(LBS) | pkgefle (LBLS) | pkgeB(-Ke(1Bis)| [ P,
—-~m——~—'~.___’r ______ S R &’,
";72 0 : i | ¢ : 0 i
l X
i

L %2 ]

The flow rates are in the ivertisl reference frames. For duct
locetions where velative flow is importaunt, such as tha pump inlet, an
additional velationship iz used.
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(3 &

&
W @ . . e PAE
relative inertial P

L
where ¥ is the velocity of the faedline location whevre ralative
motion dz desired.

To e2liminate or weduce the POCO problem for a specific fliight
vehicle, an accumulator typs device haz bszen successfully inserted
into the feedline systew at its lower end, near the pump inlet,

Titan, Saturn S~IC, and Saturn S~IT stages heve applied this fix
effectively.,

Equations for ¢ypical accumulator can be suxpressed ag for 2 damped
gingle degree of freedom system divecily attachad to the fesdline.
Schematically, thie appears in Figure as

The squations forx this azvstew are

i
R 1
i A+ RA
RA LA WA e ) WA =+ Z,WA

and wl @ WA 4 Wy

whare PA “ Pl @ PZ

Li = gquivalent inertance of accumulator (@ecz/inz)
Ri = gquivalent discvete dsmper of accumulator {(lb-zec/in)

Ki w gquivaient spring vate of accumulator (Ib/in)

o
¥

2
5 eguivalent cross sectional avea of accumulator duct {in™)

2 more general expregsion for the pressure of this junctlon e
i

e 4 @ @
| =g . O y
Py iy wy PRy W, L,

Using this form, any type of sccumulator device approximated by 2 single
degrae of freedowm system may bs usaed,

23
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Pl P2
. - P . .
Feedline w A W Feedline
1 2
Segment 1 > o —E Segment 2
é A

Accumulator
Device

P = pressure

T TII7T7
w = flow rate

Figure 3.4.1 Accumulator Representation

24
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3,5 Pump Caviration

The presence of vapor bubblez in oy meavy the pump inlet caused
by cavitation of the flowing fieid, is recognized £o have a signifi-
cant effect upon pressure and flow sggillatlons at this location.
Depending on the launch wvehicle configuration and feedline geometries,
pump cavitation can be the mozt eignlficant factor in the propagation
of the POGO phenomenon.

Cavitation occurs when the pump inlei preszsure drops to a
certaln level, the vapor prezssure of the flowing f£luid. The amount
of cavitation (volume of vapor bubblszs) varies with inlet pressure
and thus iz a non~linesay quanitity which acts on the aystem.

Attempte by various investigators to model the behavior of the
cavitation bubble in terme of a single polytvropic compressilon~
expansion process have been impaired by the diffilculty in treating the
phase changes occcurring in the cavitation reglon., The rate of phase
change and, therefore, the error introduced iunto caleculating the
flexibility coefficient of the bubble is dependent on the time rate of
static pressure changes in the cavitation reglon, i.2., the frequency
of pressure oscillations.

Bikie, Fidler, and Rohyve (References 7, 8, 9) performed a detailed
study to formulate the procedurs to model the cavitation bubble by
solving equations of moticn of the iwo phase fluid as it movss through
the rotaiing turbopump., A conformal mapping technigue was used to
map the pump blade into a flat plate with the hope of solving for the
velocity and presgure fields. and, therefore, from thermodynamic con-
giderations avyive at the relative quantities of liquid and vapor in
the region of cavitation,

Thie work iz presently being completed under a NASA technology
contract to Martin Marietta, Denver Divisicn. The goal of this
contract iz to amalytically simulate the propagation of pressure
transients through a turbopump. Resulie of this study should be
directly applicable te POGO analyszes on launch vehicles, It will
hopefully provide an analytilc ool to describe the cavitation effact.
of a pump where no test data ig available,

To provide a zimple and reasonsbly accuraie reprasentation of
the cavitation bubble, an effort has been made in this present study
to superimpose a polyiropic behavior of the cavitation bubble with a
frequency dependent correction factor. The polytropic relations yield
non=linear amplitude dependent epring properties, and the frequency
correction factor, determined experimentally for specific configura-
tion and pump liquid, yields 2 simplified tveatment of the depen~
dence of the phase change on the rates of pressure changes in the cavie
tation veglon.

Following is the development of the analvidc tveatment of the
cavitation bubbie.

25
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Station 1

Station 2
!

Pump Schematic

Figure 3.5.1

Applying mass continuily requivement in the comtrol veolume betwesn
stations 1 and 2 of Figure 3.5,1 resulis in

3, 9 3
S uA o A ) A Phudn 2
ox P ) 9% {o4) {#} °%
o ® ) 3 9
W L 7 - VOIA RS . (_.\ Y s
a " VYe T8 5t Paved < FER ()
where VOL = volume of pump region betwsen stailons i and 2,
Poye = aVerage mass dengity of the two phase flow.
m(t) = combined mass of ligquid and vapor in the control
voluma,
@
L = flow rate upetream of the caviiation bubble.
Wy = fiow wate downziream of the cavization bubble

In the development of the polytropic velation for the vapor
bubble, the following assumptionz are wmsde]

L deiquid = =d VVapar
2, pLiquid = congtani
3. w consiant

m
Vapox



MCR-71-80

The combined mass may be written as
m(t) = P(ligquid) V(liquid) + p(wvapor) V{vapor)

using the thres zssumpiions, also,

3 =
m{g) ==p
3t (Liquid) dp g0 o

where p (local) is the local static pressure in the cavitation region,

and V (vapor) is the volume occupied by the vapor.
The term dV (vap@f)/dy(leeal) may be called the "air spring” flexibility

coefficient, Conslder the liquid-vapor branch of the phase diagram
depicted in Figure 3.5.2, For any cavitation at all to exist in the
pump inlet region, local static pressure must be below the vapor press-
ure of the propellant,

Pressure

TEMPERATURE

Figuve 3.5.2 Vapor Pressure Curve of the Propellant

P@g = gtatic pressure at pump inlet

8

WR? = flowrate relative to pump

?L@cal = losal pressure in cgvitation regien

WNSP = net negstive suction pressure ln cavitation region
NPSP = net posltive guctieon nressure

it 48, therefore, the "NNSP" which iz the driving potential in
the cavitation process. The Ap iz the veduction of the fluild stream
pressure from the level emisting just up stream of the pump dnlst ¢o
the level exlsting in csvitation rveglon. This Ap depends on pump
gaomatry, pump redial velecity, end the fluid characteristics, to the
first spproximstion. Assuming Ap o be constant for the span of
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operating conditions of interest, we can express the following

PLoc,al = PV 4+ NPSP = AD

and

d = d (NPSP)

PLocal

where Pv is the equllibrium vapor pressure of the propellant.
The polytropic relation for the bubble vapor is

n

PLocal V" = constant

Here, n = polytropic exponent.

Differentiating implicitly and solving for (%%93 we obtain

dv N

EH_ ==l

dp’p np

Expressing V in terms of P and initial conditions, we obtain

i/n
dv Po" "Vo 1 1 _=l+n
e =" " m S A ok » where k=(=7)

At present the value of A must be determined experimentally.
Sufficient data are available for most liquid rocket systems to
provide the value of Aoe

av
(dP)P Ao + k

- A@ (Pv + NPSP)

e%+F

where P° is the steady state pressure in the cavitation reglon; P
is the vapor pressure of the propellant; P is the perturbation
portion of the local pressure. For our case, P equals NPSP, where
NPSP is the perturbation in net positive suction pressure; and P°
equals va

Thus,
éégﬁ = A (P -+ NPSP) ) lu
%' o v
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The above exprezzsion defines the air sgpring coefficient in
terms8 of the pertuvbarion iv WPSP and the paremeters of the pro-
pellant and pump. The deviation of the behavior of the cavitation
bubble from the polytropic expansion « compression is due to phase
change occurring at the liquid ~ vapor interface., Therefore, the
changes in the bubble volume are partly dus to polytropic process and
partly due to changes in the quantity of vapor involved, i.e, liqui-
fication during compression and vaporization during expansion.

The total change in bubble wolume iz then
dv = d(Mv)
where M is the mass of vapor, and v is the specific volume of wvapor,
dV = Mdv + vdM = (dV)p + vdM
The first term represents the polytropic process while the vdM term
accounts for the changee in the bubble volume due to changes in

vapor mase regulting from the phase chaunge of the propellant,

The expreszion for the alyr gprimg coefficient can be rewritien
as

= (1+n)

<£¥>‘ = <%X) + v 55;*}@ = A (Pv + NPSP) n + f{w)
P toral Po P

Transient mage transfer at the liquid - vapor interface of cavie-
tation bubble depends on heat transfer characteristics at the bubble
aurface, thermodynamic properiizs of the propellant, and pressure
and temperature of the propelianit in the cavitation vegion. Therefore,
axact modeling of the mass ivansfer iz extremely difflicult to accom~
pligh and the pavaweters that effect the mage tvansfer depend sither
on thermodynamle propevilsz ov paramsters which wary with time and
thus the frequency of the pressurs oscillations. A zimple modeling of
the mass transfer (the secoud term) can bz accompliishad by the
following expreasion,

f(w) s M«Zg

ow
wherve w iz the radlal frequency of prassure cscillations, The term
3. (k
W (K)

mugt be evaluatad from system test orx £1ligh: data. Expresaing %ﬁ 6%9

in terms of 2 polymomial in w, ite won~linesr chavacterigiics can be
included.
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5 2

From thermodyosnic conzidersticns discusasd sbove 1t is spparent
that

o =+ ®

1im @Q%%LﬁL} “+ 0

i.ea, the polytropic modeling of the cavitapion bubble bacomss more
aceurate with increasingw,

The continuity equation acroge the pump can now be vewritten as
follows, ‘

g, bW m P (WPSPY {4 (P + NPSP}M'EZQ b (0 ]
d & (Liguid) 7 6 W ow K ®

Thig can be exzpressed in a differeny form as:
3 -

g an = - g £ New o ? s
W, o Wy Cpl , \Cpi) (C?E,m& ; (Cpi) (C@Q) g Wy

whare

Py

k
8 ol . A
C . Is) AQ [Pv - £ (W)l

pl

Kool

C \
W

B2 =9 AQ E]P
a ;mimmg

2
pgé@

Cp3

1

C e emeRREm

ph 2
Pgh,

T oo o SBEE)

1)

In ite simplzst form, the pump cevitation sguaiion has the familiar
form
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3.6 Propulsion System

A schematic of a typical propulsion system is given in
Figure 3.6.,1, This includes the pump, discharge lines, propellant
vtilizaction loop, gas generator circuit, turbine, and the thrust
combustion chamber.

3.6.1 Thrust Combustion Chamber

Total engine thrust at time (t+ A tl) is related to chamber
pressure by

() s

T s ?
(¢ + Atl) A‘T CF(@:) ‘Pc,(a:)

where &ty is a lag time represeniing the average dwell time of the
combustion products in the chamber.

0 v
L "TAVE ‘¢
Wm 1
Aty = )
e
P .
where AVE = average density of gaseous combusiion products
in the chamber
Ve = volume of chamber
é; = steady state flowrate in chamber
also, AI = chamber throat area (constant wvalue)
QF(t) = thrusit coefficient at time ¢, varying with
chamber pressure
Pc(e) = chamber pressure at time t

The perturbation portion of total thrust is written as

]

Tee wney ™ 2 (8 Poy*Cogey ooy * Cr(e) Peqe) 12

1
In these equations, superscript "o' denotes steady stage values of
_the involved parameters. The perturbation portion of CF is

3%
CF m 5? Pc

c
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Fuel
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Oxidizer
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Pump .
g N\\i P.U. Line gyel Discharge Line
~ | G.G.
- e ‘m“]w Feedline
Pogo — L ) ,
Suppressing g m{“ Oxidizer Discharge Line
Device %“
Pump HEEE
mj Feedline
Gas
Generator
#’"”(%
P
Turbine x\
\
Turbine
Exhaust

e

Thrust
Combustion
Chamber

Thrust
Nozzle
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The variation of C_ with Pc is normally available for the given
engine by the engine manufacturers. lowever, it can be determined

analytically, using the expressions below, as developed in References
10 and 11.

2 i+l [ Y o170
C. = g’%‘&““ <WZM\§ %{Jz - ;/ E 3 E (E? . &Mm e.pa) e 3)
. ) / L kN C; A C At
o { ) 3
f& <n+1\ 1/a 1{/:!)?1 LI i‘j f/P \e1fn ]} 1/2 "
A 2 P g 4'1!{::/’-{4" L=l g a e /E
2/ NS e TRE
where n = specific heat ratio
2 = pressure in the exit plane
P .
a = ambient pressure
Aé = area of exit plane
A% = throat area
These are based upon steady flow conditions, perfect gas laws,
and isentropic flow through the nozzle.
The total chamber pressure P‘ at time t is expressed as
"""* s '*5* i
’(t) C(?”AiZ) h g Qa(?wA??) - wCT(?mAt?)] 5)

The time lag A t, represents the average time that
propellants dwell in the thrust chamber from the time of injection
through vaporization and combustion. Perturbation part of the
chamber pressure is {(dropping the time subscript for convenience)

1L CA® @ 4 CH® 5 4 C* 4 ° 4 C* ¢ ° R Y
Pc - Eﬁ% : €o % ¢ Yeo ¢ WCF + ¢ wco v C Yer
[ 6)
where A@ = equivalent chamber ithroat area

C* = characteristic velocity
W = oxidizer flowrate into the combustion chamber

P fuel flowrate intc the combustion chamber
Superscript "o" represents steady state values while the other
values arve perturbation values. The characteristic velocity is
generally a2 function of the mixture ratio MR and total flowrate
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=

into the chamber, LA This is expressed as
BC aC*k =
* A0
C* = SR MR R Ve 7)

£

This information is normally presented for a given engine
system as plots of C* as functions of mixture ratio and chamber
flowrates. Often the second term is negligible and may be
ignored.

The perturbation in mixture ratio is found by subtracting
steady state value (MR®) from total mixture ratio (MR) .

@
wcomMR°w
MR = MR w MR® %@W«w«m«g«ﬁm 8)
-
CF CF

Likewise, the perturbatlon in chamber flow rate is
&
w o= w +
c co wCF C* 9)
Introducing these relationships, ignoring the 9w, item, and
linearizing the remainder of the equaiions,; the chamber pressure
equation becomes

o ’
¢ oMR ({7 O 4 )
c(®) gA, co (£=ht2)
10)
% - o
Ck° . QQ” wcoo %««E%@%&'*@l \
cr *Ver/
’ w. (e=At2)
gA. CF

Thig ig esentially the zawe as the lineav results presented,
for example, in Reference 12,

The above sgquationz determing the

L

thruet and chamber preas-
ure pevturbations from the psyriurbatione in preveliant flowratss
into the chawber. Quantitise Aty, M2, once determined for a
particular propellant cowbinatisvz and the sngions geometyry will
allow the establishment of the phage betwesn perturbations in
flowrates, chamber pressure, and thruzt ezerted on the chambey
nozzle, 1t muet be kaest in wmind that the flowrates appﬂawing i
the exprasgions for thruet and chawber pressure are the flowrates
relative to the chawber.
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3,6.2 Turbopump Assembly
a, Gaes Generator

The chamber pressure iz treated in the same manner as the thrust
chamber pressure. The baglc relation for the gas generator chamber
pressure 18 the same as equation 5), with the proper subscripts.

The perturbation in the gas generator chamber pressure ig identi=-
cal to equation 10), again using the proper subscripts,

bs Pumps

The perturbation in the turbine brake power is

- H

Pp = ng (Hpp = Hpp)

where Ny = turbine mechanical efficiency

3

5 ® turbine exit total enthalpy rate (perturbation)

Tie

e S turbine inlet total enthalpy rate (perturbation)
Turbine brake power (perturbation) is aiso expressed as

= © o
PT LT NT + NT LT + I..,r NT

where NT = gturbine angular velocity

LT = turbime torque

For the czse of both pumps driven by a common turbine.

PT = PO 4 PF
where P and P_ represent mechanical power delivered to the oxidizer
and fuel pumps. The power impavted to the fluld is

Petuta ® Mo Bo ¥ MF Pp

whers n and 1., are the oxidizer and fuel pump efficilencies. The
total pawar imparted to the oxidizer fluid through the oxidizer

pumps, assuming incompressible flow through the inlet and diacharge
planes of the pump, is
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The perturbation portion lg

- 1 @ D - " o .1 ° @ [o] A 2 @
Po poﬁo [wdo(Pdo ?da) ‘ (Pdo 9@0 ) Yo + Pgo Yo + Yo (Pdo Pao)

+ P@Q AWQ]

AWo ® Y30 s0
An ddentical expression holds for the fuel pump.

The pump power iz also swpressed a8

P, = NTO Mp + Mp°NT + N p
for each pump whare

Mp = punp torgue
Turbine speed will change if the pump tovque and the furbine

torque are not equal, These are rélstad by

&
L NT s LI e« Mp
where 1 iz the moment of ivertiz of the wet furbopunp assembly.

The vise in pressure across the pump (inlet to outlet) is generally
affectad by changes in the inlet pressure, dischavge flow rate, and
pump speed, These quantities may be obtained either from analytical
sources or from test data. The welestionships ave expressed by a2 single
squation asg

3 (Pd~Pa) . 3 (Pd=Pg) »
(Pdm?s) B «egéfw ?g oo «ma&ngg;wx)}z wd

+ Apd-pe)
a BNT T

3.6.3 Gas CGenerebor Esheust Flow
The total enthalpy wate {(turbine inlet power) de definad am

B owbg B
o P
11 7 Y8 Pleede3)
i .
whare wg = total gas gouevatoy Limw ralbe

h = total specific enthalpy of combustien yproducts

The time iag At. ie the sverage vaporizsiion and cowbustion €ing,
and Aﬁé g the dwall time of gesecve cowbustion producte in the chanber,

@
L)Y
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o v
_ Eayp BB
wg®
where Y] = gyerage density of gaseous combusziion products in

BAVE  the chamber

Vgg = yolume of the gas generator chamber

o

wg = gteady state flowrate in chamber

Perturbation in total emthalpy rate is

& ® o ° L] L]
H = i + h W + w h
where %g = perturbation part of flowrate in chamber
h = perturbation part of speclfic enthalpy of combustion
products

The value of h is

gh
h = Cp T =+ an P

where CP = gpecific heat of the liquid

Tg = perturbation portion of gas generator temperature

T T
- Lol 2.8
Tg(t) 3MRG MRG(t+At3) + an Pg

These equations relate the total enthalpy rate and gas generator
pressure in terms of perturbationes im the gas gemerator fuel and
oxidizer flowrates,

The gases flowing from the gas generator at high pressures and
temperatures drive the turbines te operate the pumps. The assumed
isentropic pressure~itemperature relationships at the turbine inlet
and exit planes ave sketched below.

T4
Pa r_T % Pi
. 25;
[ //PE
T !
i,
Te Exhaust duct
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The isentropic flow prosese 18 described by

- .. n/o=1
) = &
Ti Pe

In this equation
Pi = Pg = perturbation in gas generator chamber pressure
Pe = perturbation in the turbine dlsentropic exit pressure

Te = perturbation in the turbine isentropic exit tempera=~
ture

Ti = Tg = perturbation in gas generator chamber temperature

Assuming %T = %T s the perturbated total turbine exit enthalpy
e

i
is
& Go ° @ L4
HTe wTe h Te + hTe wTe + hTe wTe
h ﬁiﬁgspe+aﬁgT
Te oPe oTes e

The perturbation Te is

° n/n=1
T = (ri%+ 1) G -1,
PetPe

The coefficients described in the preceeding subsections of the
propulsion system section may be determined experimentally from an
existing engine system. These coefficients may alsoc be determined
analytically, provided certain information is avallable. The following
gubsection describes this approach,

3.,6.,4 Discharge Line Equations
The flow of propellants aft of the pumps and the flow of gases

aft of the gas generator 1s assumed £o be incompressibie, The
pressure and flow vate terms take the form of

. wﬁ 24
Pl P2 + + 1w

Tw at a junction = 0,
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ie the upsiream pressure, P2 is the downstream pressure, w is

the flow rate (constant between polnts 1 and 2), R is the line resig~
tance, and I 1s the inertance of the fluid in the line section.

The lines congidered include

as
b
Cs

d.

Pump to thrust chamber

Propellant utilization loop (where applicable)

L

G

ine to gas generator

as generator exhaust lines.

Based on the discharge line system shown in Figure 3.6.2, the
equations are

EQUATTON

Por

Ee He
0.

gy

2

Wy

o=

=

#

#

#

Pe + Row_ + Io %
& 8

PL + led o4 Il Wd

PB + R2w2 -+ 12 wz

PSL + RL wL + IL WL
Pc + R3 LB + 13 Wq

P +R w
g g's

Py * Rog Ypp * Ipg Vg

+ I W
g 8

LINE
P.U, junctlon to pump inlet
Pump to P.U. loop
P.U. to gas generator branch
P.U. loop
G.G. branch to engine chamber
Gas generator liune

Turbine exhaust linpe

The discharge line equations will vary slightly, depending on the
exlstence of a propellant utilization (P.U.) line, and where the P,U.

line junctiomsg are.

For emample, on the Saturn S=II J=2 engine, the

P.,U, live begine and ends at essentially the same point...near the
pump discharge plane.
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Thrust
Chamber

Pump

Gas
Generator

Figure 3.6.2 Typical Propulsion Discharge Line
Syatem
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4.0 SUMMARY OF EQUATIONS

The equations which have been deveioped in the previous
section are summarized here.

LN
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STRUCTURAL EQUATIONS

i ey o - ola 4 %a + %1 + %pERT
A Y09 T Y T T T M
eqi eqi eqgi
QiA = generalized force due to axial forces
QiL = generalized force due to lateral forces
QiPERT = generalized force due to external excitation

Ua = (NEO)[%iGPOl Tor * (¢iTBATBpTB)OUTB } (K¢iPAsps)OUT%}

+ (NEI) |o, T . + (¢. A__p ) - (K¢. A p]
[1GP11 I} 1TB TBTB) |\ o ipsPs) o
Qjp, = (NEO) dgpy, sin BE[?O + TNOMJ
n
p. =KET % _orp,_ =K p q
TB g TB TB Pite 4
i=1
js} n n

i=1 i=1 i=1
To1 = %o
T =T
T02 = TO sin BE
T12 = TI sin BE
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PROPELLANT FEEDLINE EQUATIONS

Py Py

Wi — Segment A —_— Y,

P, = py = [LB], W, = [LI, #) - Ty % = Tok) = Upg%)
WS Wy, T AR
where
.~A1 = [pALBE]A
~A2 = [pALB(L - B)],
EAl = [pALE]A
U,, = [pALOL - k1,

43
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PUMP CAVITATION EQUATIONS

~n+1)
S . n sepy 12 (L
w_ - w, = pAQWPSP) (PV + NPSP) | + p(NPSP) E}w (K) m:!

1 . . .

NPSP = p. + ——— |w > + 2% ° %

S 20 8A 2 s s s
5

ACCUMULATOR EQUATIONS

LW +Rw, +C,w

bl



MCR=~71=80

PROPULSION EQUATIONS

Thrust Chamber

F
C_o=——p
F ch C
p. = —l——(ﬁ ° Gk + CX° W 4w c*)
¢ ea_\'C C C
3k aC*
® = —_—
¢ . e T oam MR
C
Ve = Voo T Yer
— [«]
Voo T MR Vg
MR = w..° +w
CF CF
Gas Generator
1 . e . o 4
p_ = (w C*+w_ C*° +w C*)
g gAt g g g g g 8
g
acg* acg*
ko= ¥
Cy 5 Vo T SRG MRG
g
w =W + w

W - MRG® w




Pump
(de - psO)
(de psF)

MCR-~7 180

B(Pdo pso) . B(pdo - pso> . a(?do - P o) X
3P, O S do BN, TO

2 (pap = Pop) s 3 (Par = Pep) A 2 (P gp - P.g)
BpSF SF deF dF BNTF TF

PF ~ opny [?dFo(de psF) * (de° B psFo) Vap T Pgp OV Y WdF(PdF - Psﬂ
+Pp AwF]
BE = Var T Var
Ppp = Npp© Mpp * Mpp” Npp & Mo Mpp
Ppo = Npg” Mpg + Mpg” Npg ¥ Ny My
Turbine
Pop = Npg” Lop * Lpp” Npp + Lop Nog
Pro = N¥qgo” Lpo * Lgg” Npg * Lpg Npg
Ig STF Lrp = Mpg
5 sTo Lpo = Mpo
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Turbine (cont)

PTF

TIF

TIF

TEF

TO

TIO

TIO

TEO

TEO

TEO

TEF

MCR=71=80

9336 Ny - H

F (HTIF TEF)

. . o o
Wo Bppp ¥ Bpgp W t Vg Bopp

ahTIF

S P
BPTIF TIF

YTEF TEF TEF TEF TEF “TEF

ahTEF

Py

C

pTEF “TEF © Prer

[+]
<T°+-T> Prgr * Prgy -
[+]
8 &/ \Prrr * Prip TEF

9336 n, (H i

TIO TEO)

. N . X
Yoo Mrro ¥ Prro Y110 t PrIo YrTO

C T -+ E‘t-il—];gp
pTIO "TIO BPTIO TiO

2 [] o L] )
Wreo Preo T Preo ¥reo T Prmo VRO

ahTEO

Prro

C T

pTEO “TEQ T PrEo

k-1

k
[«]
Prrg T pTEO>

T.->+ T )'< 5
( TIO TIO Prio -+ Pr1o

TTIO
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DISCHARGE EQUATIONS

Oxidizer Side

- (1 - KPU) Pgo * (1 - KPU) Pso * Rro "o * Tio ¥ro

+ 0

R40 Yao * Tao Yao T
%p Pao * (1~ %) Pso ~ Pc T Rro Lo * Tro ¥ro

B (R3o * R20) Yeor * (_ T30 - l-20) Yot

T Ry Wgo T Iyp ¥go = O
Pe =~ Pg ¥ Ryg Vg F (130) Yooi T Rg0 g0
IgO WgO =0

Ce 4w .
a0 - "o T Ve t Yeoi

®

co - Yeoi T o Ao Xgp

Fuel Side
= A + a9 + ° oa
Par = Pc ¥ Rop Yeps t I3 Wops t Rop Var T Dop Yap
Pe ~ Py F Rop Wopy T I3p Yops T Rop Vor T Tgp Vop = O
w =y _+w

ar ~ YgF © VcrFi

Yer = Yeri T PF Acr *ep
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Gas Generator Loop

Pg

Prer

Prro

MCR=T71~8C
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